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Abstract
We show that the f -vector sets of d-polytopes have non-trivial additive structure: They span
affine lattices and are embedded in monoids that we describe explicitly. Moreover, for many large
subclasses, such as the simple polytopes, or the simplicial polytopes, there are monoid structures on
the set of f -vectors by themselves: “addition of f -vectors minus the f -vector of the d-simplex” always
yields a new f -vector. For general 4-polytopes, we show that the modified addition operation does
not always produce an f -vector, but that the result is always close to an f -vector. In this sense, the
set of f -vectors of all 4-polytopes forms an “approximate affine semigroup.” The proof relies on the
fact for d = 4 every d-polytope, or its dual, has a “small facet.” This fails for d > 4.
We also describe a two further modified addition operations on f -vectors that can be geometrically
realized by glueing corresponding polytopes. The second one of these may yield a semigroup structure
on the f -vector set of all 4-polytopes.
1 Introduction
Let P be a d-dimensional convex polytope, or d-polytope for short. (For introductions and surveys see
[15], [26], or [16].) The vector of face numbers f(P ), known as the f -vector for short, is the vector
f(P ) := (f0, . . . , fd−1) ∈ Z
d, where fi denotes the number of i-dimensional faces of P . For example, the
f -vector of a d-simplex, f(∆d) =
(
d+ 1,
(
d+1
2
)
, . . . ,
(
d+1
d−1
)
, d+ 1
)
, is a row of the Pascal triangle.
Let Pd denote the set of combinatorial types of d-dimensional polytopes and write
F(Pd) := {(f0(P ), . . . , fd−1(P )) : P ∈ P
d} ⊂ Zd
for the set of all f -vectors of d-dimensional polytopes. We will write Pds for the set of combinatorial types
of simplicial d-polytopes and F(Pds ) for its f -vector set, and analogously for other classes of d-polytopes.
The sets F(Pd) of all f -vectors are easy to determine completely for d = 2 and d = 3, and very structured:
In both cases we get the set of all integer points in an affine polyhedral cone of dimension d− 1, and thus
the structure of a finitely-generated affine monoid.
The affine hull of the set of f -vectors of all d-polytopes is (d − 1)-dimensional for all d ≥ 2. However,
for d ≥ 4 the sets F(Pd) seem complicated (even provably so, see Sjöberg & Ziegler [23]), and only very
partial information is available. In particular, for d ≥ 4 the set F(Pd) is not the set of all integer points
in a convex set, as constraints like f1 ≤
(
f0
2
)
are concave rather than convex.
Nevertheless, this paper presents the (surprising, at least to the author) observation that there is a
natural structure of an (additive, commutative, cancellative, usually not finitely-generated) affine monoid
or semigroup on various f -vector sets F of d-polytopes.
∗The author was supported by the DFG Collaborative Research Center TRR 109 “Discretization in Geometry and
Dynamics.” This material is based on work supported by the National Science Foundation under Grant No. DMS-1440140
while the author was in residence at the Mathematical Sciences Research Institute in Berkeley CA, during the Fall 2017
semester.
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For this we define an affine semigroup as any structure that is isomorphic to a subset of some integer
lattice Zd that is closed under addition. It is an affine monoid if it additionally has a neutral element.
Such a semigroup is cancellative no element, other than a possible neutral element, has an inverse. For
such a semigroup the minimal (with respect to inclusion) set of generators is unique, but it need not be
finite. (It is also known as the Hilbert basis.) All the semigroups we consider are isomorphic via some
integral translation to subsemigroups of some (Zd,+). Hence in particular they are commutative.
The monoid structures on f -vector sets F that we construct arise from the addition operation on Zd
defined by
x ⊞ y := x+ y − f(∆d),
so f(∆d) is a neutral element for this. Other semigroup structures that we obtain use the addition
operations defined by
x ⊞′ y := x+ y − (f(∆d−1), 2) and x ⊞
′′ y := x+ y − (e0 + ed−1);
These do not have neutral elements, as (f(∆d−1), 2) and e0 + ed−1 = (1, 0, . . . , 0, 1) are not f -vectors of
polytopes. All three operations are equivalent to the usual vector addition, via a suitable translation of F
that sends f(∆d), (f(∆d−1), 2) resp. e0 + ed−1 to the origin. If x and y satisfy the Euler equation, and
possibly also the Dehn–Sommerville equations, then the same is also true for x ⊞ y, x ⊞′ y, and x ⊞′′ y.)
We get the structure of an affine monoid (F ,⊞)
• on the f -vector set F = F(P2) of all 2-polytopes,
• on the f -vector set of the 3-polytopes F(P3) (by a 1906 lemma by Steinitz), as well as
• on the f -vector set F(Pds ) of all simplicial d-polytopes, for any d ≥ 2 (using the g-Theorem and
addition of M -sequences).
• This fails for general 4-polytopes, as there are two f -vectors whose modified sum is not an f -vector,
• but we will prove an approximate version for the f -vector set of all 4-polytopes.
One would like to interpret the “⊞” addition operation on f -vectors as the result of some glueing operation
on polytopes that have the f -vectors in question. However, we can describe such a glueing operation only
on a restricted class of “adapter polytopes.”
For more general d-polytopes we discuss two natural glueing operations: The first one is the glueing of
two polytopes – using a projective transformation if needed – in a simplex facet. However,
• this operation is also not defined for all polytopes; we can define it on the class of d-polytopes with
at least two simplex facets, such that the result of the glueing again lies in the same class;
• the corresponding f -vector operation is not given by ⊞, but rather by x ⊞′ y := x+ y − (∆d−1, 2);
• this addition operation cannot yield a monoid structure, as there is no neutral element.
With this, we get the structure of an affine semigroup (F ,⊞′)
• on the f -vector set F(P2) of all 2-polytopes,
• on the f -vector set F(P3) of all 3-polytopes (since every f -vector is represented by a polytope with
two triangle facets), and
• on the f -vector set F(Pds ) of all simplicial d-polytopes for all d ≥ 2 (where the semigroup addition
is represented by glueing of polytopes).
• The semigroup addition ⊞′ fails for general 4-polytopes, as there are two f -vectors whose modified
sum is not an f -vector,
• but it is again available in an approximate version for general 4-polytopes.
The second geometric glueing operation is the “connected sum” P#Q of two polytopes, which was ap-
parently first used by Eckhoff in 1985. However,
• this operation is also not defined for all polytopes; we need extra conditions, e.g. that P has a
simple vertex and Q has a simplex facet;
• the corresponding f -vector operation given by x ⊞′′ y := x+ y − (e0 + ed−1);
• this addition operation also has no neutral element on f -vector sets of polytopes.
Nevertheless, we get the structure of an affine semigroup (F ,⊞′′)
• on the f -vector set of the 2-polytopes F(P2) and
2
• on the f -vector set of the 3-polytopes F(P3).
• We also have an approximate semigroup structure on the f -vectors of the 4-polytopes, but
• Conjecture 5.8 says that the f -vector set of the 4-polytopes F(P4) is closed under the operation
⊞
′′, so that (F(P4),⊞′′) is an affine semigroup.
In this paper we proceed as follows: In Section 2 we describe the situation in low dimensions, d ≤ 3. Then
in Section 3 we describe the affine lattices spanned by all d-polytopes, and of all simplicial (equivalently:
simple) d-polytopes, for all d ≥ 2: As this does not seem to appear anywhere in the literature, we present
it in detail and with elementary, complete, uniform proofs.
The f -vector sets of the d-polytopes are contained in cancellative affine sub-monoids of the f -vector
lattices that also can be explicitly described, see Section 4. The f -vectors of simplicial/simple d-polytopes
form a monoid by themselves. This result does not extend canonically to the f -vectors of general d-
polytopes, as shown in Example 4.3.
In Section 5 we discuss situations in which a monoid or semigroup structure can be represented geomet-
rically, by one of three types of “glueing of polytopes.”
Finally, in Section 6 we show that the f -vector set of the 4-polytopes is an approximate semigroup:
Theorem 6.4 says that the sum of any two f -vectors of 4-polytopes is close to an f -vector, which can be
realized by “glueing the polytopes after modification.”
2 Dimensions 2 and 3
For dimension 2 we clearly have
F(P2) = {(n, n) : n ≥ 3}.
This may be viewed as an (additive, commutative, cancellative) semigroup with the usual vector addition:
Any sum of two f -vectors is an f -vector. Moreover, it may be viewed as the set of all the integer points
in a 1-dimensional cone, whose apex lies at f(∆3) = (3, 3). Thus with the addition (n, n) ⊞ (m,m) =
(n+m− 3, n+m− 3) we have an affine monoid.
A simple and complete description of the set of f -vectors of the 3-dimensional polytopes was given by
Steinitz in 1906:
Lemma 2.1 (Steinitz’s Lemma [24]). The f -vectors of 3-polytopes are the integer points in a 2-dimensional
affine cone whose apex lies at f(∆3) = (4, 6, 4):
F(P3) = {(f0, f1, f2) ∈ Z
3 : f1 = f0 + f2 − 2, f2 ≤ 2f0 − 4, f0 ≤ 2f2 − 4}.
Let us note that this cone lies in the Euler hyperplane E3 = {(f0, f1, f2) ∈ R3 : f0 − f1 + f2 = 2}, which
is an affine plane in R3 that does not contain the origin. Thus, in particular, a sum of two f -vectors
is never an f -vector, but it is close. However, translation of the f -vector set by the vector −f(∆3), or
equivalently use of the addition
(x0, x1, x2) ⊞ (y0, y1, y2) = (x0 + y0 − 4, x1 + y1 − 6, x2 + y2 − 4)
yields the perfect monoid structure.
The cone described by Steinitz’ lemma is spanned by the f -vectors of the bipyramid (5, 9, 6) and of the
prism (6, 9, 5). The Hilbert basis for the cone, that is, the minimal set of generators for the monoid,
additionally contains the f -vector of the square pyramid (5, 8, 5).
Before we proceed with monoid structures, we will here discuss the lattices spanned by f -vector sets
(where you might take the cases d = 2, 3 as examples.)
3 Lattices spanned by f -vector sets
A lattice Λ ⊂ Rd is a discrete abelian subgroup, and an affine lattice is any translate of a lattice. We
will exclusively deal with integer lattices, which are subsets of Zd. The affine lattice affZ S spanned by a
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Figure 1: Integer points on the Euler hyperplane E3 with f0, f2 ≥ 0. The subset of lattice points with
f0, f2 ≥ 4 forms the Euler monoid EM3, whose neutral element is (4, 6, 4). This in turn contains as
subset the f -vectors of 3-polytopes, as described by Steinitz’s Lemma 2.1, which again is given by all
lattice points in a cone with apex (4, 6, 4). Also shown are two other “base points” (3, 3, 2) and (1, 0, 1)
on the Euler hyperplane, will be discussed later.
subset S ⊆ Zd is given by all the integral affine combinations a1v1+ · · ·+anvn with n ≥ 1, v1, . . . , vn ∈ S,
and a1, . . . , an ∈ Z with a1 + · · ·+ an = 1.
In this section, we prove that
• the affine lattice affZ F(P
d) spanned by the f -vectors of d-polytopes contains all integer points on
the Euler hyperplane Ed, and
• the affine lattice affZF(P
d
s ) spanned by the f -vectors of simplicial d-polytopes contains all integer
points on the Dehn–Sommerville subspace DSd.
The first result we obtain by extending the proof given by Walter Höhn [17, pp. 29,30] when in his 1953
PhD thesis at ETH Zurich he first established that affR F(P
d) = Ed.
The second one is based on a proof given by Victor Klee in 1964 [21, Prop. 3.4], who used joins of simplex
boundaries (that is, the boundary of a direct sum of simplices) in order to establish that dim linR F(P
d
s ) ≥
⌊ 12 (d+ 1)⌋. Alternatively, the result for simplicial polytopes can be derived from Björner’s [8] [9] matrix
formulation of the g-Theorem – without using any non-trivial part of the proof of the g-Theorem. (This
method will be employed later in this paper.)
We here give a self-contained treatment, which also emphasizes that both results can be obtained with
the same type of argument, applied to different sets of d-polytopes with at most d+ 2 vertices.
Curiously enough, the question about the affine lattice of f -vectors, i.e. whether there are hidden parity
or congruence constraints, for general or for simple/simplicial polytopes, apparently had not been asked
or answered up to now for general or for simplicial d-polytopes. However, the question was explicitly
treated for cubical polytopes, where Babson & Chan [3] obtained partial answers motivated by the result
by Blind & Blind [11] that all even-dimensional cubical polytopes have an even number of vertices.
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3.1 The f -vectors of d-polytopes with at most d+2 vertices
It is not hard to see [15, Sect. 6.1] that any combinatorial type of a d-polytope with at most d+2 vertices
arises as an m-fold pyramid over a direct sum of a k-simplex and an ℓ-simplex,
Pmk,ℓ := ∆m−1 ∗ (∆k ⊕∆ℓ) for k, ℓ,m ≥ 0.
These are polytopes of dimension d := k + ℓ +m with f0 = k + ℓ +m+ 2 = d+ 2 vertices, except that
for k = 0 we get Pm0,ℓ = ∆m−1 ∗∆ℓ = ∆ℓ+m, which has ℓ +m + 1 = d + 1 vertices. (To obtain distinct
combinatorial types, we could put the additional conditions that k ≤ ℓ and that m = 0 if k = 0. Indeed,
Pm0,ℓ is an (ℓ+m)-simplex.)
Lemma 3.1. For k, ℓ,m ≥ 0, the f -vector of Pmk,ℓ is given by
fi(P
m
k,ℓ) =
(
k + ℓ+m+ 2
i+ 1
)
−
(
ℓ+m+ 1
i− k
)
−
(
k +m+ 1
i− ℓ
)
+
(
m+ 1
i − k − ℓ
)
for − 1 ≤ i ≤ k + ℓ+m.
Proof. We describe the faces (and their vertex sets) explicitly, in terms of the vertex sets Vk := V (∆k),
V (∆ℓ), and V (∆m−1) of the three simplices that P
m
k,ℓ is constructed from.
As the direct sum ∆k ⊕ ∆ℓ is a simplicial polytope, the i-faces that do not contain ∆k ⊕ ∆ℓ are all
simplices, so they have i + 1 vertices. Their vertex sets are given by all the
(
k+ℓ+m+2
i+1
)
(i + 1)-subsets
of vertices of Pmk,ℓ, minus those
(
ℓ+m+1
(i+1)−(k+1)
)
subsets that contain V (∆k) and minus those
(
k+m+1
(i+1)−(ℓ+1)
)
subsets that contain V (∆ℓ), plus those
(
m
(i+1)−(k+ℓ+2)
)
subsets that we have just subtracted twice, as
they contain V (∆k) and V (∆ℓ).
All the other i-faces are multiple pyramids over the (k+ℓ)-face∆k⊕∆ℓ, and these are counted by
(
m
i−(k+ℓ)
)
.
Thus we obtain
fi(P
m
k,ℓ) =
(
k + ℓ+m+ 2
i+ 1
)
−
(
ℓ+m+ 1
i− k
)
−
(
k +m+ 1
i− ℓ
)
+
(
m
i− k − ℓ− 1
)
+
(
m
i− k − ℓ
)
.
Combining the last two terms completes the proof.
3.2 The lattice of f -vectors of all d-polytopes
We first treat the f -vector sets of general d-polytopes. These lie on the Euler hyperplane
Ed := {(f0, . . . , fd−1) : f0 − f1 + · · ·+ (−1)
d−1fd−1 = 1− (−1)
d} ⊂ Rd.
We will prove that all integer points on this hyperplane are affine combinations of f -vectors of d-polytopes.
Theorem 3.2. For any d ≥ 2, we have
affZ(F(P
d)) = Ed ∩ Z
d.
Thus all the parity constraints, and other congruences that are valid for the f -vectors of d-polytopes, are
implied by Euler’s equation. For example, the equation f0 − f1 + f2 = 2 for 3-polytopes implies that the
number of faces f0 + f1 + f2 is even for every 3-polytope.
Proof. It will be convenient to use extended f -vectors
fˆ(P ) := (1, f(P )) = (f−1, f0, f1, . . . , fd−1) ∈ Z
d+1.
which are collected in the extended f -vector set Fˆ(P) ⊂ Zd+1.
To prove the theorem we proceed as follows: We exhibit d d-polytopes, form a matrix Nd ∈ Z
d×(d+1)
that has their extended f -vectors as the rows, and show that this matrix has full rank d, and that all
integer vectors in the row space of Nd are integer combinations of the rows of the matrix.
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Let’s do it! We follow Höhn [17, pp. 29,30] to use the polytopes
Pk(d) := P
d−k−1
k,1 = ∆d−k−2 ∗ (∆k ⊕∆1) for k = 0, 1, . . . , d− 1.
Höhn describes them as being glued together from two d-simplices; we have presented them as multiple
pyramids over the bipyramid over a simplex pyrd−k−1 bip(∆k). Lemma 3.1 yields the extended f -vectors:
fi(Pk(d)) =
(
d+ 1
i+ 1
)
+
(
d
i
)
−
(
d− k
d− i
)
. (1)
Now we build the matrix
N˜d :=
(
fi
(
Pk(d)
))
0≤k≤d−1
−1≤i≤d−1
∈ Zd×(d+1),
which has the extended f -vectors of the d polytopes as rows. As the first two terms in (1) do not depend
on k, we see that after subtracting from each row the row above it (proceeding from the bottom row
towards the top) we arrive at an upper-triangular matrix Nd, with entries
−
(
d− k
d− i
)
+
(
d− k + 1
d− i
)
=
(
d− k
d− i− 1
)
in all rows below the top row, which obviously integrally spans the full lattice in its row space. (The rows
below the top row, whose first nonzero entry is +1, also form part of the Pascal triangle.) For example,
for d = 3 we obtain
N˜3 =

 1 4 6 41 5 8 5
1 5 9 6

  N3 =

 1 4 6 40 1 2 1
0 0 1 1

 .
3.3 The lattice of f -vectors of simplicial d-polytopes
Now we treat the f -vectors of the (combinatorial types of) simplicial d-polytopes. (By duality, this yields
the corresponding results for the simple d-polytopes.) For simplicial polytopes the Dehn–Sommerville
equations – additional linear equations satisfied by the f -vectors of simplicial polytopes, see [15, Sect. 9.2]
– imply that the f -vectors lie in an affine subspace of Rd of dimension dimDSd = ⌊d/2⌋, the Dehn–
Sommerville subspace
DSd := affR(F(P
d
s )).
Again, we claim that all the integer points on that subspace are integral affine combinations of f -vectors
of simplicial d-polytopes.
Theorem 3.3. For any d ≥ 2, we have
affZ(F(P
d
s )) = DSd ∩ Z
d.
Thus all the parity constraints, and all other congruences that are valid for the f -vectors of simplicial
polytopes, are implied by the Dehn–Sommerville equations. For example, the equation 3f2 = 2f1 for
simplicial 3-polytopes implies that f2 is even and f1 is divisible by 3. Less trivial congruences are analyzed
in Björner & Linusson [10].
Proof. It will again be convenient to use extended f -vectors. To prove the theorem we now exhibit
⌊d/2⌋+ 1 simplicial d-polytopes, form a matrix Md ∈ Z
(⌊d/2⌋+1)×(d+1) that has their extended f -vectors
as the rows, and show that Md has full row rank ⌊d/2⌋+ 1 and that all integer vectors in the row space
of Md are integer combinations of the rows of the matrix.
Let’s do it! For the polytopes we take the polytopes
Sk(d) := P
0
k,d−k = ∆k ⊕∆d−k for k = 0, 1, . . . , ⌊d/2⌋.
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Lemma 3.1 yields the extended f -vectors:
fi(Sk(d)) =
(
d+ 2
i+ 1
)
−
(
k + 1
i− d+ k
)
−
(
d− k + 1
i − k
)
for − 1 ≤ i ≤ d− 1. (2)
(Note that if we evaluate this for k = −1 and −1 ≤ i ≤ d − 1, we get a zero vector.) Now we build the
matrix
M˜d :=
(
fi
(
Sk(d)
))
0≤k≤⌊d/2⌋
−1≤i≤d−1
∈ Z(⌊d/2⌋+1)×(d+1),
which has the extended f -vectors of the ⌊d/2⌋+ 1 polytopes as rows. The first two terms in (2) do not
depend on k. After subtracting from each row the row above it (proceeding from the bottom row towards
the top) we arrive at an “upper-triangular” (⌊d/2⌋+ 1)× (d+ 1)-matrix Md with (k, i)-entries
−
(
k
i− d+ k
)
+
(
d− k + 1
i− k + 1
)
,
which obviously integrally spans the full lattice in its row space. We note that the matrix Md is exactly
the “McMullen matrix” from Björner’s [8] [9] matrix formulation of the g-Theorem, see [26, Thm. 8.36].
For example, for d = 4 we obtain
M˜4 =

 1 5 10 10 51 6 14 16 8
1 6 15 18 9

  M4 =

 1 5 10 10 50 1 4 6 3
0 0 1 2 1

 .
4 Cancellative affine monoids containing f -vector sets
The lattices Ed and DSd give “outer descriptions” of the f -vector sets of all d-polytopes, and of all
simplicial d-polytopes, respectively. We now head for tighter descriptions.
For this we again start with the case of general d-polytopes: The set F(Pd) is contained in a monoid of
all integer points in a pointed (d − 1)-dimensional cone, which we call the “Euler monoid.” We describe
the combinatorics of the cone, and also the Hilbert basis.
After this, we describe the “Dehn–Sommerville monoid” that contains the f -vectors of simplicial d-
polytopes – where we get much more, namely an exact monoid structure on the set of f -vectors.
4.1 The Euler monoid
The trivial lower bound inequality fi(P ) ≥ fi(∆d) =
(
d+1
i+1
)
, or in vector notation with componentwise
comparison f(P ) ≥ f(∆d), is valid for all polytopes; see Grünbaum [15, Ex. 3.1.8, p. 36].
Definition 4.1 (The Euler monoid). The Euler monoid EMd = (EMd,⊞) is given by the set of integer
points x ∈ Zd that satisfy the Euler equation and the trivial lower bound inequality,
EMd := {x ∈ Ed : x ≥ f(∆d)} ∩ Z
d,
with the reduced addition operation
x ⊞ y := x+ y − f(∆d).
Due to the trivial lower bound inequality, the f -vector set F(Pd) is contained in the ground set of the
Euler monoid,
F(Pd) ⊂ EMd.
This embeds the f -vector set into an algebraic structure that we fully understand. (Cf. Figure 1.)
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Proposition 4.2 (The Euler monoid). The Euler monoid consists of all integer points in the pointed
polyhedral cone
CEMd := {x ∈ Ed : x ≥ f(∆d)},
which has the combinatorics of a cone over a product of two simplices ∆⌈d/2⌉−1 ×∆⌊d/2⌋−1.
The minimal set of generators for the monoid, that is, the reduced Hilbert basis for the cone, is given by
the vectors f(∆d) + ei + ej with i, j ∈ {0, 1, . . . , d}, where i is even and j is odd.
Proof. One easily verifies that the ⌈d/2⌉ + ⌊d/2⌋ = d facets of this cone are given by the d inequalities
xi ≥ fi(∆d). The (⌈d/2⌉ + 1)(⌊d/2⌋ + 1) extremal rays are given by the direction vectors ei + ej with
i, j ∈ {0, 1, . . . , d}, where i is even and j is odd.
Any vector x in the cone has coordinates xi ≥ fi(∆d). If x is an integer point in the cone that is not the
apex, then due to the Euler equation it needs to have both an even index i and an odd index j such that
xi and xj are larger than the lower bound. Due to integrality we get that x − (ei + ej) lies in the cone.
By induction, this verifies the Hilbert basis property.
The inequalities fi(P ) ≥ fi(∆d) =
(
d+1
i+1
)
that we used in the construction of the Euler monoids are very
weak. Tighter descriptions are available, e.g. for any d we could use that f1 ≥
d
2f0 and fd−2 ≥
d
2fd−1.
Ideally, one would want to use a tight description of the closed convex cone with apex f(∆d) spanned
by the f -vectors of d-polytopes. However, such a description may not be finite, and it is not available
even for the first non-trivial case d = 4: Here five tight linear inequalities are known, the two given by
f0, f3 ≥ 0, the two we just named (f1 ≥ 2f0 and f2 ≥ 2f3), and a lower bound inequality that in Ziegler
[27] we interpreted as the “fatness lower bound” F = f1+f2−20f0+f3−10 ≥
5
2 . A sixth inequality, which would
give an upper bound on F , possibly F ≤ 9, is missing. Our knowledge is even less complete in higher
dimensions; see e.g. Björner [8], Eckhoff [14], and Werner [25, Chap. 6].
At this point we leave the topic of “tighter outer descriptions” and instead look for the “inner algebraic
structure” of the f -vector set F(Pd).
Indeed, we might be a bit bold and wonder whether possibly (F(Pd),⊞) is a monoid by itself, that is,
whether for any f -vectors x, y the reduced sum x ⊞ y is again an f -vector. This is true for d = 2 and
d = 3, as we have seen in Section 2.
For d = 4, this may still be true “most of the time,” say with only finitely many exceptions. However, the
following example – the only one we know of, except for a second one that arises from duality – shows
that if P,Q are 4-polytopes, then f(P ) + f(Q)− f(∆d) is not in general an f -vector of a 4-polytope.
Example 4.3. Take P = (P 01,3)
∗ = ∆3×∆1 = prism(∆3) andQ = P
0
2,2 = ∆2⊕∆2, with f -vectors f(P ) =
(8, 16, 14, 6) and f(Q) = (6, 15, 18, 9). In this case there is no 4-polytope with f -vector f(P ) ⊞ f(Q) =
(9, 21, 22, 10), as this violates the fatness lower bound inequality for 4-polytopes F (P ) = f1+f2−20f0+f3−10 ≥
5
2 ,
see Ziegler [27, Sects. 4 and 5].
(The fatness lower bound F (P ) ≥ 52 follows from the “g
tor
2 (P ) ≥ 0” inequality f03 − 3(f0 + f3) ≥ −10,
which Kalai [19] derived from rigidity theory, combined with the “center boolean” lower bound f013 ≥ 3f03,
using some generalized Dehn–Sommerville equations from Bayer & Billera [6].) According to Brinkmann
& Ziegler [12, Table 1], there is also no cellular sphere with the f -vector in question.)
How was this Example 4.3 found? Combining the f -vectors of the 4-polytopes with at most 7 vertices
from Perles’s analysis in [15, Sect. 6.1] and with 8 vertices by Altshuler & Steinberg in [1] and [2] with
the classification of f -vectors with 9 ≤ f0, f3 and f0+f3 ≤ 22 in [12, Table 1] we obtained a complete list
of all 184 f -vectors of 4-polytopes with f0 + f3 ≤ 22. Moritz Firsching determined that, up to duality,
the above pair is the only one such that f(P ) ⊞ f(Q) satisfies f0 + f3 ≤ 22, but is not an f -vector.
Let us also note that f(P ) ⊞ f(Q) = (9, 21, 22, 10) is “close to an f -vector”: For example, there are
4-polytopes with f -vector (9, 22, 23, 10). This observation will be followed-up in Section 6.
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4.2 The Dehn–Sommerville monoid
For simplicial d-polytopes, however, we get a perfect semigroup structure.
Definition 4.4 (The Dehn–Sommerville monoid). For any d ≥ 2, the Dehn–Sommerville monoid is the
pair DSMd := (F(P
d
s ),⊞).
Theorem 4.5. For any d ≥ 2, DSMd is a cancellative affine monoid.
Proof. For this we rely on the g-Theorem [26, Thm. 8.36], which in Björner’s [8] [9] matrix formulation
says that
the extended f -vectors fˆ(P ) of simplicial d-polytopes are exactly
the vector-matrix products (1, x)Md,
where
– Md ∈ Z
(⌊d/2⌋+1)×(d+1) is the matrix that we have already met in the proof of Theorem 3.3, whose
first row is the extended f -vector fˆ(∆d), and
– (1, x) ∈ Z1+⌊d/2⌋ is an M -sequence, that is, by Macaulay’s theorem (see e.g. [26, Thm. 8.34]), the
f -vector of a multicomplex.
Now if (1, x) and (1, y) are f -vectors of multicomplexes, then so is (1, x+ y), as we may assume that the
multicomplexes corresponding to (1, x) and (1, y) have disjoint vertex sets.
Thus if (1, x)Md and (1, y)Md are f -vectors of simplicial d-polytopes, then so is
(1, x)Md ⊞ (1, y)Md = (1, x+ y)Md,
and we are done.
Remark 4.6. DSMd := (F(Pds ),⊞) is not an affine semigroup in the sense defined by Miller & Sturmfels
[22, Thm. 7.4], as it fails an explicit assumption made there (and elsewhere): For d ≥ 4 this semigroup
is not finitely-generated.
This is due to the fact that some constraints defining M -sequences, such as g2 ≤
(
g1+1
2
)
, and the cor-
responding f -vector inequalities like f1 ≤
(
f0
2
)
, are concave rather than convex. This leads us to M -
sequences like (1, t, 12 t(t + 1), 0 . . . , 0) for t ≥ 1, which cannot be written as sums of other nonzero
M -sequences – and similarly for the corresponding f -vectors of polytopes.
5 Semigroup structures via glueing
It is natural to ask, once we know that f(P ) ⊞ f(Q) is the f -vector f(R) of a polytope, whether R may
be obtained by “glueing” P and Q in some way.
In general, there seems to be no easy positive answer to this, even if we are permitted to replace P , Q,
and R by other polytopes P ′, Q′, and R′ from the same class that have the same f -vector: For all natural
glueing operations to consider, there are restrictions on the polytopes that can be glued.
This allows for three different approaches, all of them of interest, and all three of them will be briefly
discussed in the following:
1. Restrict to polytope subclasses which can be glued in order to represent the addition f(P ) ⊞ f(Q),
2. modify the addition operation into a new one, like f(P )⊞′ f(Q) or f(P )⊞′′ f(Q), whose output can
be represented by a glueing operation like “glueing in simplex facets” or the “connected sum,” or
3. modify the polytopes until they can be glued – and thus get “approximate addition.”
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5.1 Monoids of polytopes that can be glued
In general, it is not clear what d-polytope would have the f -vector f(P ) ⊞ f(Q).
Proposition 5.1. Let Pand Q be d-polytopes such that P has a simple vertex v that is contained in d
simplex facets, and Q also has a simplex facet F . Then one can delete the vertex v, resulting in a polytope
P ′ with one vertex less and with a new simplex facet F ′ spanned by the neighbors of v in P , and by a
projective transformation π (if necessary) one can position π(P ′) and Q such that π(P ′)∩Q = π(F ′) = F ,
π(P ′) ∪Q is convex, and all proper faces of π(F ′) = F are also faces of π(P ′) ∪Q.
In this situation,
f(π(P ′) ∪Q) = f(P ) ⊞ f(Q).
Figure 2 illustrates this.
(6, 11, 7)
+
+ (6, 9, 5) − (4, 6, 4) = (8, 14, 8)
Figure 2: An example for the adapter glueing construction, and its effect on f -vectors, for d = 3.
Note that in this situation (which is reminiscent of valuations!), the resulting polytope π(P ′) ∪ Q need
not have any of the properties that we required about P or Q. It may not have any simplex facet at all.
Thus, if we want to put the same assumptions on P , Q, and π(P ′) ∪ Q, we have to demand more. The
following class of d-polytopes “does the job.”
Definition 5.2 (The class of adapter polytopes). Let Pdap, the adapter polytopes, be the class of all
d-polytopes P that have a simple vertex v that is contained in d simplex facets of P , and an additional
simplex facet F that does not contain v.
Proposition 5.3. The f -vectors of the d-dimensional adapter polytopes, with modified addition, form
an affine monoid (
F(Pdap),⊞).
Moreover, the addition in this monoid is realized by
f(P ) ⊞ f(Q) = f(R),
where R = P ′ ∪Q is obtained by the glueing of Proposition 5.1.
One can and must ask, of course, whether the adapter polytopes are very special, or quite general.
Is F(Pdap) a good approximation to F(P
d)? Clearly we have Pdap ⊂ P
d: The sets do not coincide, even
for d = 3, where the only polytope P with f -vector f(P ) = (6, 9, 5) is a triangular prism, which is not
an adapter polytope. Its dual, however, the triangular bipyramid, is an adapter polytope – so the class
of adapter polytopes is not closed under duality. Also the glueing operation is not specified completely,
and the combinatorial type of the result may depend on the order of the polytopes, but the f -vector of
the result is unique.
In Section 6 we will show, however, that for d ≤ 4 every f -vector of a d-polytope is “close” to the f -vector
of an adapter polytope. (For every simplicial d-polytope, this is easy to see, for all d ≥ 2.)
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5.2 Semigroup structure induced by connected sums
For more general d-polytopes we will consider two natural ways to combine two of them.
The first one is “glueing in simplex facets,” illustrated in the Figure 3: For this let P and Q be d-polytopes
which each have a simplex facet, F ⊂ P and F ′ ⊂ Q. After a suitable projective transformation π we
get that R := π(P )∪Q is a convex polytope such that all proper faces of π(P )∩Q = π(F ) = F ′ are also
faces of R, and such that all proper faces of π(F ) = F ′ are also faces of R. In this case we have
f(R) = f(π(P ) ∪Q) = f(P ) + f(Q)− (f(∆d−1), 2) =: f(P ) ⊞
′ f(Q).
(Here f(∆d−1) is a vector in Z
d−1, so appending a “2” it we get a vector in Zd that may be interpreted as
the f -vector of a cellular (d−1)-sphere that arises from two copies of ∆d−1 by identifying their boundaries
with each other.)
(5, 8, 5)
+
+ (6, 9, 5) − (3, 3, 2) = (8, 14, 8)
Figure 3: Examples for the “glueing in simplex facets,” and its effect on f -vectors, for d = 3.
The second glueing operation, illustrated in Figure 4, we consider is the “connected sum” operation
introduced by Eckhoff in 1985 [13] [14], compare [26, p. 279]: Let P be a d-polytope with a simple vertex
and Q a d-polytope with a simplex facet. Then P#Q is formed by cutting off the simple vertex, which
generates a new simplex facet with d new vertices, and then glueing Q into the newly formed facet, using
a projective transformation if necessary. The process is quite similar to the one just described for adapter
polytopes. See Ziegler [26, Example 8.41] for details. There is, however, one essential difference: For
Eckhoff’s glueing we get a different modified addition:
f(P#Q) = f(P ) + f(Q)− (1, 0, . . . , 0, 1) =: f(P ) ⊞′′ f(Q).
(6, 11, 7)
+
+ (4, 6, 4) − (1, 0, 1) = (9, 17, 10)
Figure 4: An example for the the connected sum operation and its effect on f -vectors, for d = 3.
Neither of these modified addition operations yields a monoid structure, as there are no polytope with
f -vectors (f(∆d−1), 2) or (1, 0, . . . , 0, 1). On the other hand, both of them yield “geometrically realized”
semi-group structures on the f -vector sets of various classes of polytopes.
We record several instances of this. Their proofs are quite straightforward and thus mostly omitted.
Proposition 5.4. Let Pd2s be the class of all d-dimensional polytopes with at least two simplex facets.
Then the f -vector set forms an affine semigroup(
F(Pd2s),⊞
′
)
,
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where the modified addition can be represented by “glueing in simplex facets”: The result π(P )∪Q of glueing
any two polytopes P,Q ∈ Pd2s in a simplex facet will lie in P
d
2s and it satisfies f(π(P )∪Q) = f(P )⊞
′f(Q).
Corollary 5.5. The f -vector set of the simplicial d-polytopes forms an affine semigroup(
F(Pds ),⊞
′
)
,
where the modified addition can be realized by “glueing in simplex facets”.
We note that, just like ⊞, the ⊞′ operation does not induce a semi-group structure (F(P4),⊞′) on the
f -vector set of all 4-polytopes: The data set of all f -vectors of 4-polytopes with f0 + f3 ≤ 22 yields one
single pair of f -vectors of 4-polytopes whose ⊞′-sum is not an f -vector:
Example 5.6. Take P = ∆4 and Q = (P
0
2,2)
∗ = ∆2 × ∆2, with f -vectors f(P ) = (5, 10, 10, 5) and
f(Q) = (9, 18, 15, 6). In this case there is no 4-polytope with f -vector f(P ) ⊞′ f(Q) = (10, 22, 21, 9).
We now turn to the connected sum operation. Again, there is a large class of d-polytopes Pdcso, those
having a simple vertex v and a simplex facet F with v /∈ F , that is closed under the operation. In this
case the class is also closed under duality.
Proposition 5.7. The f -vector set of the 3-polytopes forms an affine semigroup(
F(P3),⊞′′
)
,
where the modified addition can be realized by connected sum operations as follows: For any two 3-
polytopes P,Q there are 3-polytopes P¯ , Q¯ with the same f -vectors such that the connected sum P¯#Q¯ is a
3-polytope with f(P¯#Q¯) = f(P ) ⊞′′ f(Q).
Proof. Every f -vector of a 3-dimensional polytope P is also the f -vector of a 3-dimensional polytope P ′
with two triangle facets: Indeed, every pyramid over an n-gon Pn = v ∗ Cn has two triangle facets, and
this property is preserved under “stacking onto a triangle facet” and under “cutting off a simple vertex.”
To prove Steinitz’s lemma, see [24] or [15, pp. 190/191], one shows that the resulting polytopes yield all
the f -vectors of 3-polytopes.
We end this section with a conjecture, which we dare to state only for d = 4, also in view of Example 6.9
below.
Conjecture 5.8. The f -vector set of all 4-polytopes is closed under the modified addition ⊞′′. That is,(
F(P4),⊞′′
)
is an affine semigroup.
There is a little bit of evidence for this: The data set of all 184 f -vectors of 4-polytopes with f0+f3 ≤ 22,
which also produced Example 4.3, does not contain a counterexample to Conjecture 5.8. Also the 2-
dimensional coordinate projections of F(P4), as determined by Grünbaum [15, Sec. 10.4], Barnette &
Reay [5], and Barnette [4], do not produce any contradictions. (See Bayer & Lee [7] and Höppner &
Ziegler [18] for summaries of this line of work.)
6 The f -vectors of 4-polytopes form an approximate monoid
The goal of this section will be to establish that for dimension 4, even though the modified sum of two
f -vectors f(P ) ⊞ f(Q) is not in general the f -vector of a 4-polytopes, it is nevertheless “close” to one.
For this, we first prove that any 4-polytope or its dual has a small facet. Then we deduce that the
polytope can be modified locally (without changing the f -vector much) such that after the modification
it has a simple vertex and a simplex facet. This modification we perform on both the polytopes P and
Q in question, and then we take a connected sum that approximately realizes the sum of the f -vectors.
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6.1 Small facets for 4-polytopes or their duals
Proposition 6.1. Let P be a 4-dimensional polytope with f0 ≤ f3. Then P has a facet F with at most
2
f0
(f3)1/3
+ 2
vertices.
Proof. Let G be the vertex-facet incidence graph of P , which is a bipartite graph on f0 + f3 vertices and
f03 edges. This bipartite graph G is K3,3-free, as any three distinct facets of a 4-polytope intersect in a
face of dimension at most 1, which cannot have 3 distinct vertices.
From this, the Kővári–Sós–Turán theorem [20] yields
f03 ≤ z(f0, f3; 3, 3) ≤ 2
1/3(f0 − 2)(f3)
2/3 + 2f3
and so the average number of vertices per facet, f03/f3, is bounded by
f03
f3
< 2
f0
f31/3
+ 2.
Thus P has a facet F with n ≤ 2f0(f3)
−1/3 + 2 vertices.
Corollary 6.2. Let P be a 4-polytope, then either P or its dual P ∗ has a facet F with few vertices:
f0(F ) < min
0≤i≤3
2 fi(P )
2/3 + 2.
Thus if P is a “large” 4-polytope (which means that it has many vertices, or equivalently many facets, or
equivalently all components of the f -vector are large), then at least one of P and P ∗ has a “small” facet,
whose number of vertices is small compared to all the face numbers fi(P ).
Proof. P or P ∗ satisfies f0 ≤ f3. We may assume it’s P , otherwise dualize. From Proposition 6.1 we
then get that P has a facet F with a small number of n = f0(F ) vertices. Indeed, we know that
n < 2
f0
f31/3
+ 2 ≤ 2f3
2/3 + 2
as well as
n < 2
f0
f31/3
+ 2 ≤ 2f0
2/3 + 2,
using f0 ≤ f3 in both estimates. Furthermore, we have f1 ≥ 2f0 and f2 ≥ 2f3 for 4-polytopes, so the
number of vertices of F is small compared to mini fi(P ).
6.2 Modification and glueing
The existence of a small facet (for P or P ∗) implies that we can “locally modify” P in such a way that
the modified polytope P△ differs from P only a little in the sense that only few faces are affected, and
the f -vector change is also small.
Proposition 6.3. Let P be a 4-polytope, then there is an adapter 4-polytope P△ such that the f -vectors
of P and of P△ differ only by a little:
|fi(P△)− fi(P )| ≤ 6 fi(P )
2/3 + 16 for all i, 0 ≤ i ≤ 3.
Proof. Using duality, we may assume that P has a small facet (with a small number of n vertices, as
specified by Prop. 6.1).
Now perform on P a stellar subdivision on F , this will component-wise add at most (1, n, 3n−6, 2n−5) to
the f -vector of F . Then perform a stellar subdivision on the smallest resulting facet, which in the worst
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case is a pyramid over a pentagon, as the facet is a 3-polytope, which has a 2-face with at most 5 vertices.
This adds at most another (1, 6, 10, 5) to the f -vector. This creates several (at least 4) tetrahedron facets.
If we now do a stellar subdivision on one of these, then we are sure to also have a simple vertex; this last
step adds (1, 4, 6, 3) to the f -vector. Thus the f -vector difference between P and the resulting polytope
P△ is at most (3, n + 10, 3n + 10, 2n). Hence |fi(P△) − fi(P )| ≤ 3n + 10 < 3(2 fi(P )
2/3 + 2) + 10 =
6 fi(P )
2/3 + 16.
Theorem 6.4. Let P ′, P ′′ be 4-polytopes, then there is a 4-polytope Q := P ′△#P
′′
△ such that the f -vector
of Q differs from the sum of the f -vectors of P ′ and of P ′′ only by a little:
|fi(Q)− (fi(P
′) + fi(P
′′))| < 12 fi(Q)
2/3 + 33 for all i, 0 ≤ i ≤ 3.
Proof. From Proposition 6.3 we know that we can modify P ′ and P ′′ into adapter polytopes P ′△ and P
′′
△ ,
such that |fi(P
′
△)− fi(P
′)| ≤ 6 fi(P
′)2/3 + 16, and analogously for P ′′.
Now we take the connected sum of these two polytopes, and get
f(P ′△#P
′
△) = f(P
′
△) + f(P
′
△)− (1, 0, 0, 1).
Thus we get
|fi(Q)− (fi(P
′) + fi(P
′′))| ≤ |fi(Q)− fi(P
′
△) + fi(P
′′
△)|+ |fi(P
′
△)− fi(P
′)|+ |fi(P
′′
△)− fi(P
′′)|
< 1 + (6fi(P
′)2/3 + 16) + (6fi(P
′′)2/3 + 16)
≤ 12fi(Q)
2/3 + 33,
where in the last step we use that fi(P
′) ≤ fi(P
′
△) ≤ fi(Q) for all i, and analogously for P
′′.
6.3 Consequences
For vectors v ∈ Nd (with positive integer entries), let min(v) denote the size of the smallest entry, and
max(v) = |v|∞ size of largest entry (i.e., the maximum norm); any other norm would work as well, as
long as we consider the dimension to be d fixed.
Here is a suggestion for a definition that may be useful also in similar contexts:
Definition 6.5. A set S ⊂ Nd is an approximate affine semigroup if v, w ∈ S implies that v +w is close
to an element u ∈ S, where close is defined by |u− (v + w)| ≪ min(u).
Corollary 6.6. The f -vectors of 4-polytopes form an approximate affine semigroup F(P4) ⊂ N4.
Definition 6.7. Let S ⊂ Nd. A limit direction is a unit vector u ∈ Sd such that for every ε > 0 there
are arbitrarily large vectors in v ∈ S with | 1|v|v − u| < ε.
Corollary 6.8. The set of limit directions of F(Pd) is convex for d ≤ 4.
6.4 Dimension 5 and above?
The following example shows that the approach that we employed for 4-polytopes cannot naively extended
to higher dimensions: It is plainly not true that every 5-polytope or its dual has a small facet:
Example 6.9. The join of n-gons P = Cn ∗ Cn is a self-dual 5-polytope with f -vector
f(P ) = (2n, n2 + 2n, 2n2 + 2, n2 + 2n, 2n).
All its facets are of type I ∗ Cn (that is, a two-fold pyramid over an n-gon) with f -vector
f(F ) = (n+ 2, 3n+ 1, 3n+ 1, n+ 2),
so they contain more than half of the vertices of P , and thus they have about the same “size” as f0(P )
and f4(P ).
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